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For any choice of initial state and weak assumptions about the Hamiltonian, large isolated quantum systems undergoing Schrödinger evolution spend most of their time in
macroscopic superposition states. The result follows from von Neumann’s 1929 Quantum Ergodic Theorem. As a speciﬁc example, we consider a box containing a solid ball and
some gas molecules. Regardless of the initial state, the system will evolve into a quantum
superposition of states with the ball in macroscopically diﬀerent positions. Thus, despite
their seeming fragility, macroscopic superposition states are ubiquitous consequences of
quantum evolution. We discuss the connection to many worlds quantum mechanics.
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Highly complex superposition states have been realized in the laboratory [1]. Despite their
seeming fragility, such states are of great importance in quantum information and computing, as
well as to theoretical questions in quantum foundations. It may come as a surprise that isolated
systems with many degrees of freedom naturally evolve into macroscopic superposition states.
Such states contain orthogonal components which diﬀer in macroscopic quantities such as the
position or momentum of large objects normally thought to be “classical” in nature.
In what follows we use a speciﬁc example (essentially, that of Brownian motion) to illustrate
how this result follows from the 1929 Quantum Ergodic Theorem (QET) of John von Neumann
[2]. This theorem was largely forgotten for over 50 years, until its resurrection in 2009-10 [3, 4].
The QET contains insights relevant both to quantum statistical mechanics and the foundations
of quantum mechanics. We conclude with some remarks on the latter topic.
The QET goes beyond typicality (concentration of measure) results concerning thermalization in isolated quantum systems [5]. The typicality result says that almost all pure states Ψ of
large systems are maximally entangled, and tracing over all but a small subspace 1 yields a density matrix 𝜌 1 which is close to the normalized identity, i.e. the microcanonical density matrix.
This implies thermal properties for the small subspace. The QET is focused speciﬁcally on the
subspace of macroscopic observables, as opposed to a generic subset of microscopic degrees of
freedom. Von Neumann proves a stronger result concerning time evolution (ergodicity) of the
system: that all initial states Ψ0 will spend most of their time evolution as typical states with
respect to the macro subspace (see equation (11) below), subject of course to certain assumptions
required for the theorem [6].
The calculation given below illustrates that for any subspace of a large system (including, for
example, a subspace deﬁned by a set of macroscopic observables), the density operator 𝜌 1 induced
by tracing over the other degrees of freedom of a random pure state is overwhelmingly likely
to be close to 𝜌 1 ≈ 𝑛 −1
1 𝐼 1 . Based on this dominance of the measure, one can argue heuristically
that even if the system begins in an exceptional state where this property is strongly violated,
dynamical evolution will cause it to spend most of its time in a typical state. The QET provides
a rigorous basis for this intuition.
Let {𝜙 1,𝑗1 }𝑛𝑗11=1 and {𝜙 2,𝑗2 }𝑛𝑗22=1 be complete sets of orthonormal eigenstates of two Hilbert spaces
labeled 1 and 2, with identity operators 𝐼 1 and 𝐼 2 . For a state
𝜓=

𝑛1 Õ
𝑛2
Õ

(1)

𝑐 𝑗1,𝑗2 𝜙 1,𝑗1 ⊗ 𝜙 2,𝑗2

𝑗1 =1 𝑗2 =1

the corresponding density operator 𝜌 = 𝜓𝜓 † and the partial density operator 𝜌 1 = tr2 𝜌 are
𝜌=
𝜌1 =

𝑛2
𝑛1
Õ
Õ

𝑗1 ,𝑘 1 =1 𝑗2,𝑘 2 =1
𝑛2
𝑛1 Õ
Õ

†
†
𝑐 𝑗1,𝑗2 𝑐𝑘∗1,𝑘 2 𝜙 1,𝑗1 𝜙 1,𝑘
⊗ 𝜙 2,𝑗2 𝜙 2,𝑘
,

†
𝑐 𝑗1,𝑗2 𝑐𝑘∗1,𝑗2 𝜙 1,𝑗1 𝜙 1,𝑘

𝑗1 ,𝑘 1 =1 𝑗2 =1

1

1

2

(2)
(3)

Í
Í
We assume that 𝑛𝑗11=1 𝑛𝑗22=1 |𝑐 𝑗1,𝑗2 | 2 = 1, in which case k𝜓 k 2 = 1 and tr 𝜌 = tr1 𝜌 1 = 1. For the
uniform distribution on 𝑆 2𝑛 1𝑛 2 −1 we have the expected value
E(𝑐 𝑗1,𝑗2 𝑐𝑘∗1,𝑘 2 ) = (𝑛 1𝑛 2 ) −1𝛿 𝑗1,𝑘 1 𝛿 𝑗2,𝑘 2 ,
which implies E𝜌 1 = 𝑛 −1
1 𝐼1.

(4)
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We can show that 𝜌 1 is strongly concentrated near its expected value, with small probability
of deviation, P. We use Levy’s lemma [7–9], which implies that for any Lipschitz continuous
function 𝑓 : S2𝑛 1𝑛 2 −1 → R, a uniformly distributed random variable 𝑐 ∈ S2𝑛 1𝑛 2 −1 and any 𝜖 > 𝛿,



𝑛 1𝑛 2 (𝜖 − 𝛿) 2
,
(5)
P |𝑓 (𝑐) − E𝑓 (𝑐)| ≥ 𝜖 ≤ exp −
k 𝑓 k 2L
where
k 𝑓 kL =

sup k∇𝑐 𝑓 (𝑐)k

(6)

𝑐∈S2𝑛1 𝑛2 −1

is the Lipschitz norm of 𝑓 and 𝛿 = ( 4𝑛𝜋1𝑛 2 ) 1/2 . The speciﬁc bound (5) is deduced using Proposition
1.8 in [7]. (See Appendix for additional details.) The result is a consequence of the extreme
concentration of measure exhibited in the geometry of high dimensional spheres [7, 8]. Given
that 𝜌 1 is quadratic in 𝑐, which is itself bounded in norm, we can bound the gradient ∇𝑐 𝜌 1 to
obtain an exponential concentration in probability:

𝑛 1𝑛 2
2
P |Re (𝜌 1 ) 𝑗1,𝑗1 − 𝑛 −1
(7)
1 | ≥ 𝜖 ≤ exp − 4 (𝜖 − 𝛿) ,

2
P |Re (𝜌 1 ) 𝑗1,𝑘 1 | ≥ 𝜖 ≤ exp −𝑛 1𝑛 2𝜖 , 𝑗1 ≠ 𝑘1,
(8)


(9)
P |Im (𝜌 1 ) 𝑗1,𝑘 1 | ≥ 𝜖 ≤ exp −𝑛 1𝑛 2𝜖 2 , 𝑗1 ≠ 𝑘1 .

In particular, as 𝑛 1𝑛 2 becomes large the density matrix 𝜌 1 becomes exponentially concentrated
near 𝜌 1 = 𝑛 −1
1 𝐼 1 . The set of states 𝜓 for which 𝜌 1 deviates from this value approaches measure
zero. (Note neither 𝑛 1 nor 𝑛 2 has to be individually large, as long as their product is.) Thus it is
plausible, and the QET demonstrates, that under dynamical evolution of 𝜓 : 𝜌 1 ≈ 𝑛 −1
1 𝐼 1 almost all
of the time.
Now let us turn to a speciﬁc example, and focus on macroscopic superposition states. Consider
a solid ball and gas molecules isolated in a box. The Hamiltonian can be divided into three terms:
𝐻B describing the ball, 𝐻G for the gas molecules, and 𝐻BG describing interactions between the
two. Let
𝑁
Õ
𝑝𝑖2
𝑃2
𝐻B =
+ 𝑉 (𝑄) +
+ 𝑈 (𝑞 1, . . . , 𝑞 𝑁 ),
(10)
2𝑀
2𝑚
𝑖=1
where 𝑃 and 𝑄 are center of mass momentum and position, and 𝑖 label relative coordinates and
momenta [10] of the 𝑁 + 1 individual molecules making up the ball. Importantly, 𝑃 and 𝑄 commute with the relative degrees of freedom.
We take the potential 𝑉 to be non-zero, so that the energy of the ball varies very slightly with
location in the box (i.e., the bottom of the box is not exactly ﬂat). This assumption is motivated by
technical aspects of the proof of the QET (speciﬁcally the assumption that energy levels and gaps
are non-degenerate) but does not aﬀect the main physical aspects of our discussion. In a realistic
setting we expect that the technical assumptions used in the QET to be satisﬁed. The details of
𝐻G and 𝐻BG are not important, except that we assume that the gas molecules are excluded from
the space occupied by the ball. For example, 𝐻BG may contain repulsive potential terms which
depend on 𝑄.
The macroscopic quantities we are interested in are the total energy of the system and the
center of mass position 𝑄 and momentum 𝑃 of the ball. The macroscopic energy operator is a
coarse grained version of the (microscopic) Hamiltonian 𝐻 = 𝐻B + 𝐻G + 𝐻BG . The eigenvalues
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of 𝐻 are grouped into bands (energy shells) whose width is macroscopic (i.e., there are many
eigenvalues in each band; the energy diﬀerence between bands is experimentally accessible).
Each of the 𝐻 eigenstates in a band is assigned a coarse grained eigenvalue equal to the average
energy in the band, so that the macroscopic energy operator has very large degeneracies (all of
the states in a band share the same eigenvalue).
The deﬁnition of the macroscopic energy givenÍ
above can be generalized: given a microscopic
operator 𝐴, which has eigenstate expansion 𝐴 = 𝑎 𝑎|𝑎ih𝑎|, the coarse grained or macroscopic
version is obtained by dividing the sum into bands of nearby eigenvalues, and replacing the
coeﬃcients 𝑎 with the average within the band.
An important property of macroscopic observables is that they can be measured simultaneously, so the corresponding operators must commute. The macroscopic momentum 𝑃 and
position 𝑄 of the ball are constructed using wave packet states which have simultaneously a
central value of momentum and of position, and a spread in each which is small but respects the
uncertainty principle. These states are orthogonalized, resulting in simultaneous eigenstates for
macroscopic 𝑃 and 𝑄. The procedure is discussed in von Neumann’s proof of the QET.
The full set of mutually commuting macroscopic operators {𝑀𝑖 } includes coarse grained versions of 𝐻, 𝑃, 𝑄. Within a speciﬁc energy shell of ﬁxed macroscopic energy there are many individual phase space cells with diﬀerent values of macroscopic (𝑃, 𝑄). In the general case other
quantities may be included in {𝑀𝑖 }.
We restrict attention to a speciﬁc energy shell of dimension 𝐷, which is further partitioned
into subspaces with deﬁnite values of each of these macroscopic variables {𝑀𝑖 }. Let 𝜈 denote a
full set of values for the macroscopic
Í variables, and 𝑑𝜈 denote the dimensionality of the subspace
with values labeled by 𝜈, so 𝐷 = 𝜈 𝑑𝜈 .
The Quantum Ergodic Theorem [2–4] states that: for any initial state Ψ0 and almost any
Hamiltonian 𝐻, in the long run the system spends almost all of its time in typical states Ψ with
the property that
hΨ|𝑷𝜈 |Ψi ≈

𝑑𝜈
,
𝐷

(11)

where 𝑷𝜈 is a projector onto the macro subspace labeled by 𝜈. The conditions on 𝐻 are the absence
of degeneracies (which are unlikely, in the absence of exact symmetries) and a technical condition
on the relation between the energy eigenstate basis and the 𝜈 basis. In the limit of large number
of degrees of freedom the technical condition is violated only for a vanishingly small subset of
macroscopic operators [11]. Both conditions can be made to hold in realistic settings, such as the
case of Brownian motion of a macroscopic ball interacting with a gas, for natural choices of 𝐻. In
particular, if a speciﬁc setup does not satisfy the conditions (e.g., choice of interaction terms, box
geometry, or speciﬁc coarse grained macroscopic operator; this would be highly unlikely for the
reasons given), a slightly perturbed version of the setup is almost certain to suﬃce. The theorem
has been explicitly tested in simulations of speciﬁc systems [6].
The QET implies that in the typical state (i.e., most of the time, in the long run) there is
signiﬁcant probability to ﬁnd the ball in any of the phase space cells labeled by 𝜈, as long as
the 𝑑𝜈 are similar in magnitude. In our example this would mean that the ball position could be
roughly anywhere in the box.
We can show that this corresponds to a macroscopic superposition state by noting that Ψ must
be a pure state at all times, which by the Schmidt decomposition must have the form
Õ
Ψ=
𝑐𝜈𝜓𝜈 ⊗ 𝜙𝜈
(12)
𝜈
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where 𝜓𝜈 describes the (macroscopic) state of the ball and 𝜙𝜈 describes the gas molecules. By
construction, the 𝜈 states are mutually orthogonal: i.e., 𝜓𝜈 has zero overlap with 𝜓𝜈 ′ for 𝜈 ≠ 𝜈 ′
and similarly with the 𝜙 states. The gas molecule (“environment”) state is entangled with the ball
state, as the gas molecules cannot occupy the same space as the ball. The QET implies that the
magnitudes |𝑐𝜈 | are comparable as long as the corresponding 𝑑𝜈 are similar in size. In concrete
terms this assumption is satisﬁed for 𝜈 corresponding to phase space cells (𝑃, 𝑄) in which the
macroscopic energies of the ball are nearly the same, leaving similar volumes of phase space to be
occupied by the gas molecules (subject to the total energy constraint for the given macroscopic
energy shell).
Note the claim is not that the ball spends some of the time at 𝜈 and some at 𝜈 ′. Our focus
is not the time average of its position. The claim is stronger: that at almost all times the ball is
in a macroscopic superposition state, and the entangled environment (air molecules, or even an
observer whose brain is a macroscopic neural net) is as well. This all follows from the assumption
of unitary (Schrödinger) evolution inside the box, using the QET. The basis denoted by 𝜈 is the
natural basis for a macroscopic observer of the system.
We can give the following intuitive (quasi-classical) explanation for the result. The ball is
subject to ﬂuctuations arising from collisions with the gas — i.e., Brownian motion. Over long
enough timescales there is a non-negligible amplitude for ﬂuctuations to cause the ball to random
walk from its starting position to any other position in the box. As Schrödinger dynamics is
linear, Ψ evolves into a superposition of the possible outcome states. The location of the ball is
reﬂected in the corresponding state of the gas molecules (ball and gas cannot occupy the same
space), which act as an environment for the ball. After enough time, the total wavefunction can
be decomposed into orthogonal branches which diﬀer macroscopically. This description suggests
that the timescale over which an initially localized ball state evolves into a typical Ψ satisfying
equation (11) is similar to that for a Brownian random walk to reach all parts of the box.
The example above can be generalized to almost any system whose dynamics permit multiple macroscopic outcomes. The QET implies that the quantum state evolves into a superposition over these outcomes. The ubiquity of macroscopic superposition states under ordinary
Schrödinger evolution is of course an aspect of many worlds, or no collapse, quantum mechanics [12]. This view of quantum mechanics is typically introduced via the measurement process,
which we brieﬂy summarize below.
Let 𝑄 be a single qubit and 𝑀 a macroscopic device which measures the spin of the qubit
along a particular axis. The eigenstates of spin along this axis are denoted |±i. We deﬁne the
operation of 𝑀 as follows, where the combined system is 𝑆 = 𝑄 + 𝑀:
|+i ⊗ |𝑀i −→ |𝑆 + i,
|−i ⊗ |𝑀i −→ |𝑆 − i,

(13)
(14)

where 𝑆 + denotes a state of the total system in which the apparatus 𝑀 has recorded a + outcome
(i.e., is in state 𝑀+ ), and similarly with 𝑆 − . We can then ask what happens to a superposition
state |Ψ𝑄 i = 𝑐 + |+i + 𝑐 − |−i which enters the device 𝑀. In the conventional formulation, with
measurement collapse, one of the two ﬁnal states |𝑆 + i or |𝑆 − i is realized, with probabilities |𝑐 + | 2
and |𝑐 − | 2 respectively.
However, if the combined system 𝑆 = 𝑄 + 𝑀 evolves according to the Schrödinger equation
(in particular, linearly), we obtain a superposition of measurement device states:

𝑐 + |+i + 𝑐 − |−i ⊗ |𝑀i −→ 𝑐 + |𝑆 + i + 𝑐 − |𝑆 − i.

(15)
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This seems counter to actual experience: measurements produce a single outcome, not a superposition state. But an observer in the state 𝑆 + might be unaware of the second branch of the wave
function in state 𝑆 − for dynamical reasons related to a phenomenon called decoherence [13]. Any
object suﬃciently complex to be considered either a measuring device or observer (i.e., which,
in the conventional formulation can be regarded as semi-classical) will have many degrees of
freedom. A measurement can only be said to have occurred if the states 𝑀+ and 𝑀− are very
diﬀerent: the outcome of the measurement must be stored in a redundant and macroscopically
accessible way in the device (or, equivalently, in the local environment). Therefore, the overlap
of 𝑀+ with 𝑀− is of order exp(−𝑁 ), where 𝑁 is a macroscopic number of degrees of freedom, and
the future dynamical evolution of each branch is unlikely to alter this. For all practical purposes,
as John Bell put it [14], an observer on one branch can ignore the existence of the other: they
are said to have decohered. Each of the two observers will perceive a collapse to have occurred,
although the evolution of the overall system 𝑆 has continued to obey the Schrödinger equation.
The Quantum Ergodic Theorem shows that macroscopic superpositions of outcome states like
|𝑆 ± i are ubiquitous under Schrödinger evolution. Interactions such as the scattering of particles
in Brownian motion lead to such states, even if observers in the closed system (described by the
total wave function Ψ) are unaware of it.

Appendix A

Writing 𝑐 𝑗1,𝑗2 = 𝑐 ′𝑗1,𝑗2 + 𝑖𝑐 ′′𝑗1 ,𝑗2 , where 𝑐 ′𝑗1,𝑘 1 , 𝑐 ′′𝑗1,𝑘 1 ∈ R,

𝑛1 Õ
𝑛2
Õ

′2
(𝑐 1,𝑗
+ 𝑐 ′′2
𝑗1,𝑘 1 ) = 1,
1,𝑘 1

(A1)

𝑛2
Õ

(𝑐 ′𝑗1,𝑗2 𝑐𝑘′ 1,𝑗2 + 𝑐 ′′𝑗1,𝑗2 𝑐𝑘′′1,𝑗2 ),

(A2)

(𝑐 ′′𝑗1,𝑗2 𝑐𝑘′ 1,𝑗2 − 𝑐 ′𝑗1,𝑗2 𝑐𝑘′′1,𝑗2 ),

(A3)

𝑗1 =1 𝑗2 =1

and using

Re (𝜌 1 ) 𝑗1,𝑘 1 =
Im (𝜌 1 ) 𝑗1,𝑘 1 =

𝑗2 =1
𝑛2
Õ

𝑗2 =1
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we ﬁnd

k∇𝑐 Re (𝜌 1 ) 𝑗1,𝑘 1 k 2 = k 𝛿𝑙1,𝑗1 𝑐𝑘′ 1,𝑙2 + 𝑐 ′𝑗1,𝑙2 𝛿𝑙1,𝑘 1 , 𝛿𝑙1,𝑗1 𝑐𝑘′′1,𝑙2 + 𝑐 ′′𝑗1,𝑙2 𝛿𝑙1,𝑘 1 1≤𝑙1 ≤𝑛 1,1≤𝑙2 ≤𝑛 2 k 2
𝑛2
𝑛2
Õ
Õ
′′2 
′2
′′2
′2
′′2 
𝑐 ′2
𝑐 𝑗1,𝑙2 + 𝑐 𝑗1,𝑙2 + 𝑐𝑘 1,𝑙2 + 𝑐𝑘 1,𝑙2 + 2𝛿 𝑗1,𝑘 1
=
𝑗1,𝑙 2 + 𝑐 𝑗1,𝑙 2
𝑙 2 =1

𝑙 2 =1

=

𝑛2
Õ

k∇𝑐 Im (𝜌 1 ) 𝑗1,𝑘 1 k =
=

=

|𝑐 𝑗1,𝑙2 | 2

𝑙 2 =1

′
′′
− 𝛿𝑙1,𝑗1 𝑐𝑘 1,𝑙2 , 𝛿𝑙1,𝑗1 𝑐𝑘 1,𝑙2 − 𝑐 ′𝑗1,𝑙2 𝛿𝑙1,𝑘 1 1≤𝑙1 ≤𝑛 1,1≤𝑙2 ≤𝑛 2 k 2
k
𝑛2
𝑛2
Õ
Õ
′′2
′2
′′2 
′′2 
𝑐 ′2
+
𝑐
+
𝑐
+
𝑐
−
2𝛿
𝑐 ′2
𝑗1,𝑘 1
𝑗1,𝑙 2
𝑗1,𝑙 2
𝑘 1,𝑙 2
𝑘 1,𝑙 2
𝑗1,𝑙 2 + 𝑐 𝑗1,𝑙 2
𝑙 2 =1
𝑙 2 =1
𝑛2
𝑛2
Õ
Õ

|𝑐 𝑗1,𝑙2 | 2 .
|𝑐 𝑗1,𝑙2 | 2 + |𝑐𝑘 1,𝑙2 | 2 − 2𝛿 𝑗1,𝑘 1
𝑙 2 =1
𝑙 2 =1
𝑙 2 =1

2


|𝑐 𝑗1,𝑙2 | 2 + |𝑐𝑘 1,𝑙2 | 2 + 2𝛿 𝑗1,𝑘 1

𝑛2
Õ

(A4)

𝑐 ′′𝑗1,𝑙2 𝛿𝑙1,𝑘 1

(A5)

As a result,
k∇𝑐 Re (𝜌 1 ) 𝑗1,𝑗1 k 2 ≤ 4,
2

(A6)

k∇𝑐 Re (𝜌 1 ) 𝑗1,𝑘 1 k ≤ 1,

𝑗1 ≠ 𝑘1,

(A7)

k∇𝑐 Im (𝜌 1 ) 𝑗1,𝑘 1 k 2 ≤ 1,

𝑗1 ≠ 𝑘1 .

(A8)

For bounds (8) and (9) on the oﬀ-diagonal terms in 𝜌 1 we use a somewhat stronger inequality as
the median M𝑓 and expectation E𝑓 coincide: P(|𝑓 − M𝑓 | ≥ 𝜖) ≤ exp(−𝑛 1𝑛 2𝜖 2 k 𝑓 k −2
L ), Proposition A.0.5 in [9]. For probability of deviation from expectation we use Proposition 1.8 in [7] and
the median result to obtain
 𝑛 𝑛 (𝜖 − 𝛿) 2 
1 2
P(|𝑓 − E𝑓 | ≥ 𝜖) ≤ exp −
k 𝑓 k 2L

(A9)

with 𝛿 = ( 4𝑛𝜋1𝑛 2 ) 1/2 k 𝑓 k L and 𝜖 ≥ 𝛿. The speciﬁc bounds we obtain from concentration of measure
are stronger than those previously given in the literature as expressions of Levy’s Lemma. They
can be applied, for example, to relatively small quantum systems in the laboratory.
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